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Abstract 

We study the free boundary evolution between two irrotational, incompressible and 
inviscid fluids in 2-D without surface tension. We prove local-existence in Sobolev spaces 
when, initially, the difference of the gradients of the pressure in the normal direction has 
the proper sign, an assumption which is also known as the Rayleigh- Taylor condition. 
The well-posedness of the full water wave problem was first obtained by Wu [22] ■ The 
methods introduced in this paper allows us to consider multiple cases; with or without 
gravity, but also a closed boundary or a periodic boundary with the fluids placed above 
and below it. It is assumed that the initial interface does not touch itself, being a part 
of the evolution problem to check that such property prevails for a short time, as well 
as it does the Rayleigh- Taylor condition, depending conveniently upon the initial data. 
The addition of the pressure equality to the contour dynamic equations is obtained as a 
mathematical consequence, and not as a physical assumption, from the mere fact that we 
are dealing with weak solutions of Euler's equation in the whole space. 

1 Introduction 

We consider the following evolution problem for the active scalar p = p{x, i), x G M^, and 
t > 0: 

pt + vVp = 0, (1.1) 
with a velocity v = {vi,V2) satisfying the Euler equation 

p{vt + vVv) = -Vp-iO,gp), (1.2) 

and the incompressibility condition 

V-i; = 0. (1.3) 
The free boundary is given by the discontinuity on the densities of the fluids 

/ p\ xen\t) 



X G n^{t) =R2-Qi(t), 

where p^ ^ (P' are constants. 

We shall assume also that each fluid is irrotational, i.e. w = V x u = 0, in the interior of 
each domain V9 {j = 1,2). The main purpose of this paper is to understand the evolution 
of the free boundary, but we shall also take the point of view of having weak solutions in 
the whole space presenting a discontinuity in the density along the interface. Under the 
hypothesis that at the initial time we have smooth velocity fields v^, whose values at the 
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interface differs only in the tangential direction it follows that, for a certain time t > 0, the 
vorticity lu will be supported on the free boundary curve z{a, t) and it has the form 

Lo{x,t) = w{a,t)5{x — z{a,t)). 

Here we shall consider two types of geometries, namely periodicity in the horizontal space 
variable, says z{a + 2kTr,t) = z{a,t) + {2kTT,0), or the case of a closed contour z{a + 2k'ir,t) = 
z{a,t). We shall assume also that we have infinite depth. In [T5] fluids of finite depth were 
considered. 

In section 2 our first step will be to show the equality of pressure at each side of the free 
boundary, when we understand the system (jl.lHl.Sp in a weak sense (see Proposition [2?T]). 

The free boundary z{a, t) evolves with a velocity field coming from Biot-Savart law, which 
can be explicitly computed and it is given by the Birkhoff-Rott integral of the amplitude w 
along the interface curve: 

BR{z,w){a,t) = ^PV [ (1.4) 
2tt J \z{a,t) - z{l3,t)\'' 

where PV denotes principal value [20]. It gives us the velocity field at the interface to 
which we can subtract any term in the tangential direction without modifying the geometric 
evolution of the curve 

zt{a, t) = BR{z, zu){a, t) + c(a, t)daz{a, t). (1-5) 
A wise choice of c(a, t) namely: 

, , a + TT daZ(a,t) o nr-./ N/ ^ r 

c[a:t) = — — / — — - — —TIT ■ daBR{z,-nj){a,t)da 
27r J-^\daz{a,t)\'^ 

allows us to accomplish the fact that the length of the tangent vector to z{a, t) be just a 
function in the variable t only jl4j : 

A(t) = \daz{a,t)\^. 
Then we can close the system using Bernoulli's law with the equation: 

wt{a,t) = -2ApdtBR{z,w){a,t) ■ daz{a,t) - Apda{-r^ — ,2 + da{cw){a,t) 

4 1 Oa Z\ ( 1 • ' j 

+ 2Apc{a,t)daBR{z,w){a,t) ■ daz{a,t) — 2ApgdaZ2{a,t), 

where 

P2 + Pi 

is the Atwood number. 

We shall use the notation T for the following operator (depending on the curve z(a,t)) 
acting on u{a, t) by the formula 

r(n)(a, t) = 2BR{z, u){a, t) ■ daz{a, t). (1.8) 
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The inversibihty of (/ + ApT) (see p]) allows us to write the equation (II. 7|) in the following 
more convenient explicit manner: 



wt{a,t) = {I + ApT)-\ApR{z,w) + da{cw)){a,t). {IS 
Next let us give the function which measures the arc-chord condition [13] 



J^{z){a,l3,t) = -——^ -—r. Va,/3e(-7r,^), (1.10) 

\z(a, t) — z[a — p,t)\ 

and 

J'{z){a,0,t) 



\daz{a,t)\ 

Finally following references [3j and [Ij we introduce the auxiliary function (p{a, t) which 
will allow us to integrate the evolution equation 

^{<^,t) = - c{a,t)\do^z{a,t)\. (1.11) 

Z\OaZ[a, t)\ 

Our main result consists on local existence for the water wave problem: pi = 0. We 
prove that there is a positive time T (depending upon the initial condition) for which there 
exists a solution of the equations (|1.4H1.7p with pi = during the time interval [0, T] so 
long as the initial data satisfy ZQ{a) G H^^ 9^0(0) G H^~2 and wo{a) E H^^"^ for k > A, 
J^(zo)(a,/3) < 00, and 

ao(a) = -(Vp2(2o(a),0) - V/(zo(a),0)) • d^zo{a) > 0, 

where denote the pressure in Vl^ . 

Theorem 1.1 Let zo(a) G , ^o{a) G H^~^ and wq^o) £ H''~^ for k > A, JF(zo)(a, /3) < 
00, and 

cTo(a) = -(Vp2(zo(a),0) - VpH^o(a),0)) • d^z^ia) > 0. 

Then there exists a time T > so that we have a solution to Tj ) in the case pi = 

0, where z{a,t) E C'^{[0,T]; H'') and w{a,t) G C'^{[0,T]; H''-^) with z{a,0) = zo{a) and 
w{a, 0) = •roo(a). 

The first results concerning the Cauchy problem for the linearized version in Sobolev 
spaces are due to [9], [IT] and [24]. In her important work [22] (see also [23]) S. Wu was able 
to prove that the presence of the gravitational field, together with the hypothesis about the 
asymptotic flatness of the fluid domains, implies that the Rayleigh- Taylor signum condition 
must hold so long as the interface is well-defined. In our treatment we can also get local 
solvability even in the absence of gravity, or for a closed contour, whenever the Rayleigh- 
Taylor and the arc-chord conditions are initially satisfied. 

Besides the significant work of S. Wu that has been referred before, we can also quote 
the interesting paper [1] where they get energy estimates on the free boundary and the 
amplitude of the vorticity, under the time dependent assumption of the arc-chord property. 
These authors make also use of the fact obtained by Wu about the persistence of the Rayleigh- 
Taylor sign condition. 
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In our approach the exphcit control upon the evolution of the arc-chord relation of the 
free boundary is especially emphasized, together with the inversion of the operator (I + T), 
which gives us the equation for the time derivative of the vorticity amplitude in terms of 
the curve (see equations p.8H1.9p with pi = 0). The architecture of our proof relies upon 
different energy estimates for the quantities involved (Sobolev norms for z, w, arc-chord and 
Rayleigh- Taylor condition). But in order to fix together its different parts it becomes crucial 
to get explicit upper bounds on the operator {I + T)^^ on different Sobolev spaces. Here we 
continue the method introduced in [6j and [7J, where conformal mappings, Hopf maximum 
principle and Dahlbert-Harnack inequality up to the boundary, for nonnegative harmonic 
functions, play a central role. 

In the following interesting works by Christodoulou-Lindblad [5] , Lindblad [16] , Coutand- 
Shkoller [10], Shatah-Zeng p!9] and Zhang-Zhang |25j the rotational case have been also 
considered. Let us point out that the evolution of the sign of Rayleigh- Taylor condition is 
crucial in our proof [7], because it allows to get rid of the highest order derivatives in the 
evolution equation of the Sobolev norms of the curve (section 8). 



2 The evolution equation 

We shall consider weak solutions of the system (11.1H1.3P ; that is for any smooth functions 
T] and X; compactly supported on [0,T) x M? i.e. lying in the space C^([0,T) x M?), we 
have ^ 

/ / p{Ct + v-V(:)dxdt+ I po{x)C{x,0)dx = 0, (2.1) 
Jo Jm.'^ Jr2 

/ {pv ■ {rjt + V -Vr]) + pV ■ 7] - {0,gp) ■ r])dxdt + / po{x)vo{x) ■ r]{x,0)dx = 0, (2.2) 

Jk2 



and 







V ■ Vxdxdt = 0. (2.3) 



Here p is defined by 



r ^\ ( p^, X £ n^(t) ,^ 

/^(xi,x„t) = | .eo^y, (2.4) 

where p^ ^ p^. It is assumed that the vorticity is given by a delta function on the curve 
d^l^{t) multiplied by an amplitude and has the form 

u;{x,t) = w{a,t)5{x — z{a,t)). (2-5) 

Then using the Biot-Savart law we get 

for X not lying on the curve z{a,t), and 



v'^{z{a,t),t) = BR{z,w){a,t) + ^ 

v^{z{a,t),t) = BR{z,w)[a,t) - ]- J^^^'^^ daz{a,t), 

L \OaZ\OL^ t)\ 



(2.7) 
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where {z{a,t),t) denotes the hmit velocity field obtained approaching the boundary in the 
normal direction inside O-' and BR{z,w){a,t) is given by (jl.4p . It is easy to check that 
()2.3|) is satisfied by v given as in ()2.6p . Furthermore, we have that the identity of the weak 
formulation (j2.ip is verified so long as the following equality holds (see [8]): 

ztia, t) ■ d^z{a, t) = BR{z, w){a, t) ■ d^z{a, t). (2.8) 

Proposition 2.1 Let us consider a weak solution {p,v,p) satisfying ^2.m2.3\) where p is 
given by (j2.4p and curl v = to by (j2.5p . Then we have the following identity 



p^{z{a,t),t) = p^{z{a,t),t), 

where {z{a, t),t) denotes the limit pressure obtained approaching the boundary in the normal 
direction inside . 

Proof: We shall show that the Laplacian of the pressure is as follows 

Ap{x, t) = F{x, t) + /(q, t)5{x - z{a, t)), 

where F is regular in Q^{t) although discontinuous on z{a, t), and the amplitude of the Dirac 
distribution / is regular. Then the inverse of the Laplacian by means of the Newtonian 
potential gives the continuity of the pressure on the free boundary (see f6j). 

We also shall use an ad hoc integration by parts for the derivatives of the velocity. The 
expression for the conjugate of the velocity in complex variables 



1 f 1 

v(z,t) = PV / -'Oj(a,t)da, 

zm J z — z{a,t) 



for z 7^ z{a,t) allows us to accomplish the fact that 

d yi^z t) = —PV [ ~^("'^) ^ —PV [ ^{a,t) 
^ ' 27ri J {z — z{a,t))'^ 27ri J {z — z{a,t))'^ daz{a,t) 

and therefore 

dMz,t) = ^PV [ L^a„(^)(a,t)da, (2.9) 

2m J z — z[a,t) OaZ 

for a regular parametrization with daz{a, t) ^ 0. In a similar way 



and 



8MM) = 4-Pvl --2_8„(J-8„(£-))(„.,)<i„. (2,11) 

These identities help us to get the values of Vv^ {z{a,t),t), vl{z{a,t),t) and V'^v^ {z{a,t),t) 
which are obtained as limits approaching the boundary in the normal direction inside (t) . 
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To get the stated formula for the pressure we start with identity p.2p choosing ri{x, t) 
VX{x,t). Then 



npAXdxdt = [ / (0, gp) ■ VXdxdt - [ [ pvVX 



tdxdt 

Jo iR2 

~ / / pv ■ {v ■ V"^ X)dxdt — I po{x)vo{x) ■ 'VX{x,0)dx 

Jo JR2 7R2 

II + I2 + I3 + h- 



Let us define 0^(t) = {x e n^{t) : dist {x , dQ^ (t)) > e} and n'^^{t) = {x e n'^{t) : 
dist > e}, we have 

/i = hm / / gp^dx2Xdxdt+ / / gp'^dx2Xdxdt 
(p^ — p^)gdaZi{a, t)X{z{a, t),t)dadt, 



J-TT 

and we can consider the term (/j^ — p^)gdaZi{a,t) as being part of the function f{a,t). 
Regarding the term I2 we integrate by parts in the variable t to obtain 

/2 = lim - / / p^v^ ■ VXtdxdt - [ [ p^v^ ■ VXtdxdt 
£-^0 Jo Jniit) Jo Jnl(t) 

= Ji + J2-h 

where 

fT 



•^1 ~ / / P'^t ■ VXdxdt, 

and 



'0 



T pTT 

J2= I / {p'^v'^{z{a,t),t) - p^v^{z{a,t),t)) ■VX{z{a,t),t) ztia,t) ■ d^z{a,t)dadt. 

Jo J-w 

In Ji we use formula (I2.10p to get the limit on the boundary of vt{x,t). Again we first 
integrate by parts in Ji and then take the limit when e — > 0. Since in each ^li{t) vt is regular 
and div vt = 0, it follows that 

Ji = / {p'^vf{z{a,t),t) — p^vl{z{a,t),t)) ■ d^z{a,t)X{z{a,t),t)dxdt. 

Jo J-n 

As before we may consider {p'^vf{z{a,t),t) — p^vl{z{a,t),t)) ■ d^z{a,t) as being a part of 
f{a,t). 

Next (f2?fll yields the splitting J2 = Ki + K2 where 



Ki = / {p^ — p^)BR{z^ w){a^ t) • V\{z{a, t)^t) zt{a^ t) • d^z{a^ t)dadt, 

Jo J~7V 

K2= (p' + p') om V' 'o dazia,t)-VX{z{a,t),t) zt{a,t) ■ d^z{a,t)dadt. 



J-n 



2\daz{a,t)\'^ 
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Integrating by parts in a we can write 

K2 = - / {p^ + p^)X{z{a,t),t)dai^ — r^zt ■ d^z){a,t)dadt, 

Jo J-n ^\(JaZ\ 

giving us another term of f{a,t). 

Let us introduce now the decomposition Is = J3 + J4 + J5 + Jq where 

J3 = — / / p{vi)'^d'^^Xdxdt, J4 = — / / pviV2dx2dxiXdxdt, 
Jo JR2 Jo iR2 

J5 = - / / pviV2dxid,j:2Xdxdt, Jg = - / / p{v2fdl^\dxdt. 
Jo Jw? Jo Jr^ 

Using the sets i}i{t) and the identity (j2.9p we get 
J3 = / / 2pvidxiVidxiXdxdt 
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+ / / [p {vi{z{a,t),t)Y - p^{v\{z{a,t),t)Y)dx^X{z{a,t),t)daZ2{a,t)dadt 

Jo J-TT 

The term K-^ triviahzes because the ad hoc integration by parts formula together with the 
identity ()2.1ip gives 

2p{vidl^vi + {dx^vif)Xdxdt - I / f{a,t)X{z{a,t),t)dadt. 

. J? Jo J-TT 

where /(a,t) = 2{p'^vl{z{a,t),t)dxj^vf{z{a,t),t) - p^vl{z{a,t),t)dxivl{z{a,t),t))daZ2ia,t), 
and the first term in is part of F(x,t) while the second lies in f{a,t). 
We can rewrite K4 as follows 

Ka = ip'-p') r r [{BRif + ^^-^^]d,,X{z)d^Z2dadt 
JoJ-. 4 \d^z\ 

I / / wBRi dx,X{z)daZ2dadt. 
Jo J-^ \daz\^ 



Next we continue analogously with J4 

'h = I / p{v2dx2Vi + vidx2V2)dxiXdxdt 

Jo 

{^(?(y\v^{z{a, t),t) — p^{vlvl){z{a, t), t)) dxiX{z{a, t),t)daZi{a, t)dadt 

10 J-TT 

= K5 + Kg, 

and is treated as K3 (a term in is part of F{x,t) and another of f{a,t)). Kq can be 
written in the following manner 

''^ daZldaZ2. 



Ke = -{p^-p') [ r [BR,BR2 + ^^^^^^]dx,X{z)d^z,dadt 

Jo J-TT 4 \OaZ\ 

- ip'+p') rr i^BR,^ + ^BR2^]dx,X{z)d^z,dadt. 
Jo J-^ 2 IdaZ]-^ 2 \daz\^ 



(2.13) 



7 



Regarding J5 we have the sphtting 

J5= / p{v2dx^vi + vidx^V2)d3,^Xdxdt 
Jo 

~^ / {p'^{vfv2){z{a,t),t) — p^{vlv2){z{a,t),t)^dx2X{z{a,t),t)daZ2{a,t)dadt 

Jo J-n 

Kj again can be treated hke K^, and we obtain for Kg the following expression 
Ks = {p'-p^) f [ [BR1BR2 + ^^^^^^]dx,Kz)daZ2dadt 

Jo J-7T 4 ICJaZ] 

+ ip'+p') r r i^BR,^ + ^BR2^]dx,\{z)daZ2dadt. 

Jo J~n 2 \OaZ\^ 2 lOaZl-^ 

Next for Jq 

Jg = / / 2pv2dx2V2dx2^dxdt 
Jo Jr^ 

- {p'^{vl{z{a,t),t)f - p^{v2{z{a,t),t))'^)dx2Hz{a,t),t)daZ2ia,t)dadt 

Jo J-1T 

= Kg+ Kio, 

and for Kg we proceed as before. Finally we have 



K,o = -ip'-p') [ r [{BR2f + ^^^^]dx2\{z)d^zidadt 



d.Z2 ^^'^^^ 

-UJBR2 " dxoMz)daZidadt. 

\daZ\'^ 

Using equations (|2.12H2.15]) we get the following sum K4 + + Kg + Kiq = {p^ — p^)Li + 
[p^ + p^)L2 where 

Li = — I I BR{z,vj){a,t) ■'VX{z{a,t),t)BR{z,w){a,t) ■ d^z{a,t)dadt, 

and 



J-TT 



w{a, t) 
2\daz{a,t)\'^ 



L2 = — I I — Y^—--^BR{z,w){a,t)-d^z{a,t)daz{a,t)-\7X{z{a,t),t)dadt. 



An integration by parts in the variable a in L2 gives the last term of f(a,t). Then identity 
(|2.8p gives Ki + [p^ — p^)Li = and the stated formula for the Laplacian of p is proved. ■ 



Identity (j2.8p allows us to choose the velocity of the curve as follows: 

zt{a, t) = BR(z, tx7)(a, t) + c(a, t)daz{a, t), (2-16) 



where the scalar c(a, t) is given by 

= ^ £ mlw ■ - £ ^ii^ ■ (2.17) 

and has been taken in such a way that the length of the tangent vector only depends on the 
variable t: 

\daz{a,t)\'^ = A{t). (2.18) 
Since c{a,t) has to be periodic, we obtain 

1 

A'{t) = 2daZt{a, t) ■ daz{a, t) = - daz{a, t) ■ daBR{z, w){a, t)da. (2.19) 

Next we close the system giving the evolution equation for the amplitude of the vorticity 
tu(a, t) by means of Bernoulli's law. This fact allows us to satisfy (j2.2p showing that we have 
a weak solution. Using (12. 6p for x ^ z{a,t) we get v{x,t) = V(j){x,t) where 

cPix,t) = ^PV [ arctan r'~''\^/h vj{(3,t)dP. 
27r J \xi- zi{(3,t)J 

Let us define 

U{a,t) = (j)^{z{a,t),t) - (j)'^{z{a,t),t), 

where again (p^{z{a, t),t) denotes the limit obtained approaching the boundary in the normal 
direction inside 0-^. It is clear that 

9„n(a, t) = {V(j)^{z{a, t),t) - V0i(z(a, t),t)) ■ daz{a, t) 

= {v'^{z{a, t),t) — v^{z{a, t),t)) ■ daz{a, t) = w{a, t), 

and therefore 




■!u(a, t)da = 0. 



Now we observe that 

4>^{z{a,t),t) = IT{z,w){a,t) + -U{a,t), 

J (2.20) 
(l)^{z{a,t),t) = IT{z,vu){a,t) — -n(a, i), 

where 

ITiz,w)ia,t) = ^PV [ arctan(^4^4^i4^)^(/5'*)^/^- 
2vr J \zi{a,t) - zi{P,t)/ 

Using the Bernoulli's law in (jl.2p . inside each domain, we have 

p{Mx,t) + ^\v{x,t)\'^ + gX2) +pix,t) = 0. 
Next we take limits to get 

I7>{4{z{a,t),t) + ^\v^{z{a,t),t)\^ +gZ2ia,t))+p^{z{a,t),t) = 0, 
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and since p^{z{a,t),t) = p'^{z{a,t),t), we obtain 

[p0t](a,t) + ^l-|t;2(^(a,t),t)|2 _ ^|^i(^(a,t),t)|2 + (p2 _ p^)gz2{a,t) = 0, (2.21) 

where we have introduced the following notation: 

[p4>t]{a,t) = p'^(t)f{z{a,t),t) - p^(t)j{z{a,t),t). 

Then it is clear that = dt{(j)^ {z{a,t),t)) — zt{a,t) ■ Vcj}^ {z{a,t),t), and using 

(p:20]) we find that 



2 1 

[P^t] = ^^^t + ip' - p')dt{IT{z, w))-zt. {p\\z, t) - pW (z, t)). 



+ 2Apc{a, t)BR{z, w){a, t) ■ daz{a, t) - Ap \ ' '\ - 2ApgZ2{a, t). 



Introducing equations (j2.7p and (j2.16p into ()2.21|) we get 

Iit{a, t) = -2Apdt{IT{z, Tu)){a, t) + c(a, t)w{a, t) + Ap\BR{z, tu)(a, t)p 

'4|9«z(a,t)|2 
Since the equality 

dadt{IT{z, w)) = dt{BR{z, w) ■ daz) = dtBR{z, w) ■ daZ + BR{z, w) ■ daBR{z, w) 

+ cBR{z, w) ■ d'^z + dacBR{z, w) ■ daZ 

can be proved easily, we can take then a derivative in (|2.22p and use the above identity to 
find the desired formula for w: 

TUt{a,t) = -2ApdtBR{z,m){a,t) ■ daz{a,t) - Apda{-r^ — 12)(«)0 + da{czu){a,t) 
+ 2Apc{a, t)daBR{z, w){a, t) ■ daz{a, t) — 2ApgdaZ2{a, t). 



Our next step will be to get the formula for the difference of the gradients of the pressure 
in the normal direction: 

a{a,t) = -{Vp^{z{a,t),t) - Vp^{z{a,t),t)) ■ d^z{a,t), (2.24) 

which we shall find in the singular terms of the evolution equation. 

We will consider the case pi = 0, which gives —Vp{x,t) = inside Q^{t) and therefore 
Vp^{z{a,t),t) = 0. Let us define the Lagrangian coordinates for the free boundary with the 
velocity 

Zt{-f,t)=v\Z{-/,t),t)) 
Z(7,0) =zo(7)- 

We have two different parameterizations for the same curve Z('y,t) = z{a{^,t),t) and also 
two equations for its velocity, namely 

Zf(7, t) = zt{a, t) + at(7, t)daz{a, t) 

= BR{z, ro)(a, t) + c(a, t)daz{a, t) + 04(7, t)daz{a, t) 
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and another one given by the hmit 



1 w{a,t) 
2\daz{a,t)\'^ 



Zti-f, t) = BRiz, tu)(a, t) + - ^^ L ^azia, t). (2.25) 



The dot product with the tangential vector gives 



1 uj{a,t) ^{oi,t) 
oit{l,t) = - - c{a) - 



2|a„z(a,t)|2 ^ ' \d^z{a,t)y 
And taking a time derivative in (j2.25p yields 

Ztt{i,t)-d^z{a,t) = idtBR{z,w){a,t) + at{-/,t)daBR{z,w){a,t)) ■ d^z{a,t) 
+ ^ + t)^az{a, t)) ■ d^z{a, t) 

Therefore 

= {dtBR{z, w){a, t) + J^'^/\. do,BR{z, zu){a, t)) • d^z{a, t) 

1 wya^t) ip[a,t) o , w n\ , \ n , \ 

2\daz{a,t)\'^ \daz{a,t)\ 

Remark 2.2 Let us consider p2 and pi to be now arbitrary densities, then using the la- 
grangian coordinates for the free boundary of the fluid in Q,^(t) 

z',{j,t) = vHz'{j,t),t)) 

Z'(7,0) = zo(7), 

it is easy to check that 

= A,{dtBR{z, w){a, t) + ^^^9^(a, t)) • t) 



+ (|^— 7-4t|2 ~ Apc{a,t))daBR{z,w){a,t) • d^z{a,t) + gApdaZi{a,t). 



3 The evolution equation in terms of (p{a,t) 

We will consider pi = and therefore Ap = 1. Using (j2.23p we can write 



wt{a,t) = -2dtBR{z,w){a,t) ■ daz{a,t) - 9a(jr^ — if)!"'^ + daic-aj){a,t) 

'^\C'aZ\ ("J-l-j 

+ 2c(a, t)daBR{z, 'nj){a, t) ■ daz{a, t) — 2gdaZ2{a, t), 
In the case Ap = the expression (|2.23p yields 

wtia,t) = da{cw){a,t), 
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that is, we are obtain the vortex sheet problem for which the Kelvin-Helmholtz instabihty 
arises [12] [1]. For Ap = 1 this term again appears in the evolution equation, and in order to 
absorb it we shall make use of the parameter ip{a,t) [3] [1]. The fact that \daz{a,t)\'^ = A{t) 
yields 

1 r 

2A{t)daC = — / daz{a,t) ■ daBR{z,w){a,t)da — 2daZ ■ daBR{z,w) 

71" J-7T 

and therefore 

2cdaZ ■ daBR{z,'cu) = —da{Ac^) -\ — / daz{a,t) ■ daBR{z,Tu){a,t)da. 

71" J-n 

Substituting the formula above in ()3.ip we find 

zut = —2dtBR{z,uj) ■ daZ — daif"^) -\ — / daz{a,t) ■ daBR{z,w){a,t)da — 2gdaZ2, (3.2) 
for (f given by (jl.lip . From that identity we have 

which together with (|3.2p and (|2.19p yields 

ipt = -dtBR{z, w) ■ — — r - —-: — - + c — / — — - — -- • daBR[z, tz7)(a, t)da - g— — r 
\daz\ 2\daz\ 2tt J_^\daz{a,t)\ \daz\ 

w in daz{a,t) 



2|5„z|2 2^ J^^\daz{a,t)\ 



daBR{z,tzi){a,t)da — dt{c\daz\), 



that is 



where 



= - B{t) ^ - dtBR{z, t^) • ^ - - dt{c\d^z\). (3.4) 



2vr y_^|aaz(a,t)|^ 

It is easy to check in the equation above that the singular term daiccu) takes part of the 
transport term da{^'^)- 

Now let us remember that the evolution equation for the quantity n(a, t) was discovered 
using the continuity of the pressure on z{a,t) (Proposition 12. ip . Analogously the evolution 
equation for da^{a, t) = -07(0, t) can be obtained throughout the following identity: 

-(V/(z(a,t),t) - Vp^{z{a,t),t)) ■ daz{a,t) = 0. 

(Observe nevertheless that the Rayleigh- Taylor condition refers the jump of the pressure in 
the normal direction (|2.24p .) 

With the help of property ()2.18p we find that 

d'^z{a, t) ■ daz{a, t) = 0, 
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and therefore 



In the above formula we get the normal direction in the second derivative of z. Using this 
fact in (13.41) we obtain 



- ^* f ^ r • ^)(«' i)do) + dt{^) ■ d^BR{z, 

\27r J_^^\daz{a,t)\ J \do,z\ 



In ( ) the perpendicular direction also appears, so that completing the formula for a 
^IJM we get 



5„(^t = -ij^ - B{t) d^ip - - " " - + d^BR{z, w) ■ d^z 



+ {t^-\^olBR{z, w) ■ d^z + - I 1^ {daZt ■ d^z + r^-rdlz ■ d^z) . 
and therefore 

dan = - I - B{t) da^p - — ,„ 13 

+ |g^^|3 [daBR{z, w) ■ d^Z + 2|g^^|2 ^Q^ ■ (^a^;* • + j^^^a^ ■ "^a ^ 

Finally after a straightforward calculation we obtain the following: 



(3.5) 



4 The basic operator 

Let the operator T be defined by the formula 

T{u){a) = 2BR{z, u){a) ■ daz{a). (4.1) 

Lemma 4.1 Suppose that \\T{z)\\ Too <C OO (fTTOD and z G C^'-^ wzi/i < 5 < 1/2. T/ien 
T-.L'^^H^ and 

||r||^.^^x<||.^(z)||i.||zr^.,.. (4.2) 

Proof: Here we shall show the argument in the case of a closed curve. The other case was 
treated in [6]. 

Since the formula ()1.4p yields 

T{u)ia) = -da r n(/?)arctan / ^2 («) - ^2 (/^) \ 
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we have 

/•TT 

ia = 0, 



/TT 
T{u){a)dc 
-TT 



which implies \\T{u)\\l2 < \\daT{u)\\L2. 
Let us write first: 

daT{u) = 2BR{z, u){a) ■ dlz{a) + 2daz{a) ■ daBR{z, u){a) = h + h- 
For /i we have the expression 

= Jl + J2, 

where -ff (ti) is the (periodic) Hilbert transform of the function u. 
Then 

Ji = -daz{a) ■ u{a - - 2|9,.(a)|2tan(/3/2)]^^- 

Let us define 

^ / ^^ (^(g) - ^(g - /?))^ dgzia) , . 

"^'^"'^^ Ka)-2(«-/3)|2 2|a„z(a)|nan(^/2)' ^ -""^ 

then we shall show that ||Ci||ioo < C||^(^;)|||oo ||2:||^2 and therefore Ji < C||^(2)||2ioo ||2;||^2 llwIUa- 
Since the estimate J2 < C||jr(z)||^oo ||z||(72|i?('u)(Q;)| is immediate, we finally get 

< C\\T{z)f^A\z\%,{\u\\j^. + \ll{u){a)\). (4.4) 

Next we split Ci = Di + D2 + -D3 where 

(2;(a) - z(a - /3) - a»z(«)/?)^ «±,/^^r ^ ^ 1 



|^(a)-z(a-/3)|2 ' ^ « V ^L|^(t,)_^(a-/3)|2 \d^z{a)f^'' 

and 

a;^^(a) ,1 1 , 

-t^3 = 



|9c«-2(a)p /3 2tan(/5/2)^' 
The inequality 

\z{a) - z{a -(3)- daz{a)(3\ < H^HcH^P (4-5) 

yields easily < H^Uca 11-^(2;) llioo- 
Then we can rewrite D2 as follows: 

( ^y {daz{a)P - {z{a) - z{a - (3))) ■ {daz{a)(3 + {z{a) - z{a - (3))) 
' " " '^"^'^ \z{oc) - z(a - /3)|2|a„z(a)|2^ J' 

and, in particular, we have 

\da,z{o.)i3 — {z{a) — z{a — I3))\{\daz{a)f3\ + \z{a) — z{a — f3)\) 



\D2\< 



\z{a) — z{a — P)\'^\daz{a 
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Using g3I) we find that |L»2| < 2\\z\\c2\\J'iz)\\l^. 

Next let us observe that [— vr,7r] gives l^al < C||jr(z)||ioo. 
The identity daz{a) ■ d;^z{a) = ahows us to write I2 as follows: 

2 r izja) - • d^z{a){zia) - • d^zja) 

y_/^^) iz(a)-z(-- 



and therefore 

^ _ 2 _ (z(a) - z{a -13)- daz{a)j3)^ ■ dcz{a){z{a) - z{a - (3)) ■ daz{a) 

TT \z{a) - z{a - 

Next we take I2 = J3 + + J5 + Jq + J7 where 

2 r , {E{a, f3))^ • daz{a){z{a) - z{a - (3)) • dazja) 
- i-. " \z{a)-z{a-pr 

J5 = -(a2z(a))^ • daz{a)\daz{a)\^- T ^z(a - /?)[— — ^! — - ^}—^]dp, 



vr ''\z{a) - z{a- f3)\^ \dazia)\^f3' 

and E{a,P) = z{a) — z{a — /?) — (9Q,z(a)/? — i9^z(a)/3^. Using the bound 

|i?(«,/3)l<^lkllc^,*l/?l'+', (4.6) 



one get easily that 



Then reasoning as before the inequality (j4.5p gives as | J4I < C||2;||^2 ||-^(-2)|lioo II^IIl2 . Regard- 
ing D2, we have | J5I < C||z||^2 ||.^(2)||icx) ||it||L2, and it is easy to get | Jg] < C||z||c2 ||:F(z)||lcx) ||u||i2. 
Finally we have 



\l2\<C\\T{z)\\i^\\zf^,A\ML^ + \H{u){a)\+ / \(3\'-Mo^-P)m- 

J —IT 

This last inequality together with (j4.4p gives us 

|5„r(n)(a)| <C||^(z)||i^||z||^2,*(||n||i2 + |F(^x)(a)|+ T V(« " Z?)!^/?)- 

^ — TT 

To finish we use the boundedness of H and Minkowski's inequality to obtain the estimate 
q.e.d. 
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5 Estimates on the inverse operator (/ + T) 



-1 



As it was shown in reference [6j, under our hypothesis about the curve z, T{u) = 
2BR{z, u){a) ■ daz{a) defines a compact operator in Sobolev spaces. Its adjoint T* is given as 
the real part of the Cauchy integral and it does not has real eigenvalues A such that |A| > 1 
[2]. Therefore the existence of the bounded operator (/ + T)^^ follows from the standard 
theory. 

Let F{z) given by 

2m J z — z[p) 

and f{z) = Re{F{z)), which can be considered either in the periodic setting, where we have 
two periodic domains il^, (see ref. [6j), or in the bounded domain case (0^ bounded). In 
both situations F{z) can be evaluated in the interior of both domains, and T* appears when 
we take limits approaching the boundary from the interior of each Q,^: z = z{a) + ed^z{a), 
e ^ 0, (e > 0,n^;e< 0,n'^): 

f{z{a)) = T*{u) - sign (e)n(a). 

The periodic case was treated in ref.[6,j (proposition 4.2). Therefore we shall consider here 
the bounded domain case. 

Let W denote the Hilbert transform associated to we have: 

{Wf = -/, 

F^ = F/^'' = f + zg\ 
f/dn = T*u - u, 
f/dn = T*u + u, 

g^/dn = g^/dVL = g{u), 
u-T*u = n\g{u)), 
u + T*u = n'^{g{u)). 

Theorem 5.1 The norm of the operator (I + T)^^ from to Lp' is bounded from above by 
exp(C|||2:|||^) with \ \\z\\ \ = \\z\\fj3 + ||.7-"(2;)||loo, for some universal constants C and p. 

Proof: As in Proposition 4.2 (ref. [6j) the proof follows from the estimate 

\m\L^(^9n.)<^MC\\\zW) 

Let (/) be a conformal mapping of into the unit disc D such that 4>{zq) = where zq 
satisfies dist{zQ,dQ}) » j^^i then 

ref = H{fo(i)-^)oci) 

where H is the Hilbert transform in the unit disc D. Since is smooth enough (C^'"^) we 
know from general theory that and (f)' have continuous extensions to and our problem 
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is reduced to obtain a weighted estimate for the Hilbert transform H in dD with respect to 
the weight w{t) = \{(t>~^y {t)\, \t\ = 1. But that is a consequence of the inequaUty 

w{t2) 

for arbitrary tj, \Tj\ = 1. 

Following Riemann let us write (l){z) = {z—ZQ)e^^^^~^^^^^^ where the real harmonic function 
R{z) is the solution of the following Dirichlet's problem: 

AR = in 
R{z) = —log\z — zo\, z E dU^. 

Dince is a regular domain whose boundary has tangent balls of radius contained 

in rP, it follows from the standard theory that |Vi?|L°° << IlklH^o^dlklH)- This estimate 
also holds for the conjugate harmonic functions S{z) implying |^'(r)| << |||z|||Zog'(|||2;|||), 

\\\z\\\lo9{\\\z\\\) 



Given tq G the arc 7 = {r G : dist{T,To) < ,,,, ^ ...A is then mapped by 



into the semicircle ^(7) = {z e dD : dist{z,4>{To)) < V^}. 
Let us consider the Cayley transform C0(t-o) : D - 



_ 1 - Hro) ■ z 
1 + 0(to) • Z 



verifying that 



y = /m(c^(^„) o 0) > in 

V/dQ^ = 0, 

^7) = i?e(C^(,„)O0)(7)c [-!,+!], 

w{tq) = 0. 

Applying Hopf's maximum principle to the non-negative harmonic function y in a disc 
of radius l/|||z||| tangent to 90^ in r, we get an estimate for the normal derivative of V at 
T i.e. for ||Vy(T)|| (since is a level set of V), namely: 

dV 1 

I^WI » ^v(r-) 

where r* is the center of the disc. 

To get an upper bound we may use the Poisson's kernel representation of F in a C^'°- 
domain Q. contained in whose boundary consists of 7 and its parallel arc 7* at distance 
I/infill, together with two "vertical" connecting arcs chosen in such a way that the C^'"-norm 
of d^l is controlled by |||-z|||. Since V/d^^ = we obtain the estimate: 

\^{T)\«\\\z\\\log{\\\z\\\)sup^^^V{T) 

for 

. 4. = {r e r.) < 2C|11.|||,1,(1||.1||)>- 
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We are then in condition to invoke Dahlberg's Harnack inequality up to the boundary 
[TT] to conclude that 

|^(r)|«|||z|||Mllklll)^(T*), rG^T- 



Next we use the standard Harnack's inequality in the parallel curve 7* to conclude that 

«llkllPMIINII) 



|VF(ri)|| ^ , 2, 



l|VF(r2)|| 

for any two points ti,T2 G ^7. 

But since ^ < |C"((/)(r))| < 2, r G 7, we get the bound 

«\\\z\\\'log{\\\z\\\) ri,r2G ^7- 



Let us observe now that the length of dQ^ is controlled by |||2:||| giving us a number of, 
at most, C|||z|||^Zo(7(|||2:|||) different arcs ^7 needed to cover d^^. Then an iteration of the 
inequality above yields 

-qil^lll^iosdii^lll) < < eCiii^iii^zogdii^iii) 

-V'(r2)'- 

for any two arbitrary points ti,T2 G dO,^ , allowing us to finish the proof in the case Ti^ . The 
transformation z — > l/{z — zq) where, as before, zq G fi^, dist{zQ,dVL^) » l/|||z|||, allows us 
to reduce the estimate for to the previous case. 

6 Preliminary estimates 

The following subsection are devoted to show the regularity of the different elements 
involved in the problem: the Birkhoff-Rott integral, zt{a,t), zut{a,t), zu{a,t); the difference 
of the gradient of the pressure in the normal direction a{a, t) and its time derivative o"j(a, t). 
We shall concentrate our attention in the case of a closed contour, because for a periodic 
domain in the horizontal space variable the treatment is completely analogous (see [6|). 

6.1 Estimates for BR{z,w) 

In this section we show that the Birkhoff-Rott integral is as regular as daZ. 

Lemma 6.1 The following estimate holds 

\\BR{z,w)\\hu < C{\\J^{z)\\l^ + \\z\\l,+, + \\w\\l,y, (6.1) 
for k >2, where C and j are constants independent of z and w. 
Remark 6.2 Using this estimate for k = 2 we find easily that 

\\daBR{z,zu)\\Lo. < C(||.F(z)||ioc + ||z|||,3 + \Mhy^ (6-2) 
which shall be used through out the paper. 
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Proof: We shall present the proof for k = 2. Let us write 

BR{z,w){a,t) = ^ r Ci{a,(3)w{a-P)dp + -^^^H{w){a) 

where Ci is given by (j4.3p . The boundedness of the term Ci in L°° gives us easily 

\\BR{z,w)\\l2 <C\\T{z)\\lo.\\zfc4w\\L2. (6.3) 
In d'^BR{z,vj), the most singular terms are given by 

P3(a) = -^PV f {zia)-z{a-(3))-{dlz{a)-dlz{a-P)))dp. 
Again we have the expression 

giving us 

|Pi(a)| < C||.F(.)||i^||z|p^,(||52zn||^. + (6.4) 
Next let us write P2 = Qi + Q2 + Q3 where 

where A = daH- 
Using that 

\dlz{a) -dlz{a- P)\ <m'\\z\\c2,s, 
we get |Qi(a)| + \Q2{a)\ < ll^llci ll-^(-z)IP lkll;^2/; while for Q3 we have 

|Q3(a)| < C\\wU^\\J^iz)\\L^i\\z\\c2 + \Aidlz)ia)\), 

that is 

\P2{a)\ < {l + \A{dlz){a)\)\Mc4HzW\\z\\i,,,s- (6.5) 
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Let us now consider P3 = Q4 + Q5 + Qe + Qr + Qs + Q9, where 
vr J \^\^) zyoi p)\ 

_ CT(a)a^2:(a) r P{z{a)-z{a-P)-daz{a)P) ■ {dlz{a)-dlz{a- (3)) 



and 



Proceeding as before we get 

IP3HI <C(l + |A(a^)(a)|)||.^|bimz)|lioo|k|P^..., 
which together with (j6.4p and (|6.5p gives us the estimate 

|(Pi + P2 + P3)(a)l < C(l + \MdlzKa)\ + |/7(a2^)(a)|)||z.7|bi(||^(^)||ioo + IklP^a)- 

For the rest of the terms in d'^BR{z, w) we obtain analogous estimates allowing us to conclude 
the equality 

\\dlBR{z,w)\\L2 < C(l + \\dlz\\L2 + \\dlw\\L2)\Mc4Hz)\\iMU^- 
Finally the Sobolev inequalities yield (j6.ip for k = 2. 



6.2 Estimates for zt{a, t) 

This section is devoted to show that zt is as regular as daZ. 

Lemma 6.3 The following estimate holds 

WztWH" < C(||^(z)||ioo + \\z\\l,+, + \\zu\\jj,y, (6.6) 

for k>2. 

Proof: It follows easily from formulas ()2.16p . (j2.17p together with the estimates obtained 
in the last section. 
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6.3 Estimates for wt 

This section is devoted to show that zut is as regular as ^atu 

Lemma 6.4 The following estimate holds 

Wr^tWn^ < Cexp(C|||z||n(||^(z)||i.o + ||z|| ll^.+. + llv^ll^.+i)^ (6.7) 

for k > 1. 

Proof: In the following we shall work the details of the proof only when k = 1, since the 
cases k > 2 can be treated analogously. Formula ()3.2p yields 

uJt{a,t) +T{wt){a,t) = Ii{a,t) + l2{a,t) - 2(f{a,t)daV{a,t) + R{a,t), (6.8) 

where 

r -1 r {zt{a) - zt{a - p))^ ■ daz{a) 

\z{a) - zia - f3)\^ " 



2 r {z{a)-z{a-(3))^ -dazia) 
TT \z{a)-z{a-(3)\'^ 



h = - I ' ^ ^ \ z{a)-z(^a-(5)) ■ {zt{a)-zt{a- l5))vo{a- P)dl5, 



and 



R= ^ — / daz{a,t) ■ daBR{z,w){a,t)da + 2gdaZ2{oi,t). 

^From Theorem 15.11 we get 

\\wt\\L^ < \\{I + T)-'h2^L<\\h\\L^ + Whh^ + 2yd^v\y + \\R\\l2), 
and proceeding as before, using the estimates above, we obtain 

\\wth. < exp(C|||z||n(||.F(z)||i.o + \\z\\l, + + Ml,y. (6.9) 

Next we shall show that in the singular case we have: 

\\do.wth2 < eMClMmnml- + ll^ll?^3 + \\w\\l, + Mj,,y. (6.10) 
To see it let us take a derivative in (j6.8p to obtain the identity 

daWt{a,t) + T{daWt){a,t) = Ji{a,t) + J2{a,t) + J3{a,t) + dah{a,t) + dah{a.,t) 



-d^{ip'){a,t) + do,R{a,t), 
where 



-1 r {dc,z{a) - daz{a - P))-^ ■ daz{a) 



2 r {z{a)-z{a-P))-^-daz{a) aw f \ a f aw / 

J2 = - / p--^^ {z{a)-z{a-(5))-{daz{a)-daz{a-(5))wt{a-l3)dl3, 

ttJ_„ \z{a)-z{a-IJ)\'^ 

and 

-1 r (z(a)-z(a-/3))^-g^z(a) _ 
= V y_ |.(a)-.(a-/?)|2 - 
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Using Theorem 15.11 in (16.111) we get 

3 

\\da.^t\\L^ <\\{I + T)-^\\l^_,L<Y. WJiWl' + W^Ml- + \W2\\l^ + \\dl{V^)\\L^ + \\do.R\\L^), 

1=1 

A straightforward calculation yields 

\\dl{^')\\L- + WdaRh- < c{\\:Fiz)\\l^ + 11^11^3 + \\w\\l, + Ml^y. 

To estimate the other terms we write: 

Ji = — / C2{a,(3)wt{a- I3)d[5 — ^-^2 H{wt){a), 



where 



^/ m Adaz{a) - daz{a - (3))^ ■ daz{a) {dlz{a))^ ■ daz{a) 



\z{a) - z{a - |5„z(a)|22tan(/?/2)'' 
Then 

|Ji(a)| <C||^(z)||io.||z||^,..(r \(3\'-^\wt{a- l3)W + \H{wt){a)\), 



and using ()6.9|) we have 

II Jilli. < exp(C|||z||r)(||.F(z)||ioo + ||z||^3 + llt^lll. + M?H^y. 
Next we rewrite J2 as follows 

- / r-r\ 1 STTd (z(a)-2;(a-/3))-(9a2:(a)-9az(a-/3))rot(a-/?)d/3, 

TT |z(a)-2:(a-/^)|* 

which is a more regular term than Ji. Since J3 is also more regular than Ji we finally get 

II J2||l^ + II jsIIl^ < exp(ciiiz|in(ii.^(z)iiio. + iiz||2,3 + \\w\\]j, + M\i,y. 

The most singular term in dali is given by 



-1 r {daZt{a) - daZt{a - 13))^ ■ daz{a) 



and will be estimated using the following splitting Ki = Li + L2 + L3 + L4 where 
= ^ L \zia) - zia - - - 

= V \d^z{aW ■ I - - - 4sin2(/?/2)]^^' 

and 

_ -l CT(a)a^z(a) 
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Since \daZt{a) — daZt{a — P)\ < \d'^Zt{a + (s — l)P)\ds we have 

li^il < Cmz)\\i^\\zf^s\H\cr{ C \dlzt{a + {s- l)(3)\ds + |A(5„Zt)(Q)|). 

JO 



From (j6.6p we obtain the estimates 

\\K,\\L.<c{\\Hz)\\l^ + M\l^ + \w\\l2y 

and 

^11^3 + 1 1 ■^11/^2)'' 

Next we rewrite I2 in the form 

2 r {z{a)-z{a-0) - daz{a)l3)^-daz{a) 



TT \z{a) — z{a — (3)Y- 



{z{a) — z{a — j3))-{zt{a) — zt{a — j3))w{a— [3)dj3, 



which shows that I2 is more regular than Ii and, therefore, the estimate for dal2 fohow easily 
with the same methods that we used with dali, allowing us to finish the proof. 

6.4 Estimates for w 

In this section we show that the amplitude of the vorticity w lies at the same level than 
daZ. We shaU consider z G H'^{T), ip E H^~2{J) and w G H^~'^{J) as part of the energy 
estimates. The inequality below yields w G H^~^(^). 

Lemma 6.5 The following estimate holds 

\W\\h'^ < C(||.F(z)||ioo + \\z\\\,+, + \\w\\\,., + ll^ll^^y, (6.12) 

for k>2. 

Proof: We shall present the proof for k = 2, being the rest of the cases completely 
analogous. Since w = 2\daz\ip + 2\daz\^c the identity = A(t) gives us the equality 

= 2\daz{a)\dl^(p{a) — da{2daZ ■ daBR{z, w)){a), 

from which we easily get 

||5^tZ7||i2 < 2||z||ci||<9aV7||i2 + \\da{2daZ ■ OaB R{z , Zu))\\ ^2 . 

Therefore in order to get the estimate (j6.12p for k = 2 we need to show that the following 
inequality holds 

\\do,i2daZ-do,BR{z,vj))\\L2 <C\\J^iz)\\{MH^\H\H^- (6-13) 
To see that we can write 

2daz{a) ■ daBR{z,w){a) = r(5„CT)(a) + i?i(a) + i?2(a), 

where 
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and 

R2{a) = daz{a) ■ / — — --^{z{a)-z{a-P)) ■ {daz{a)-dcz{a- (5))w{a- (5). 

TT \z{a)-z[a-(3)\'^ 

Then we have ||r(9„ti7)||j|^i < C||J^(2;)|||^oo ||^;||^2,i ||c^q^||l2 from (j4.2p . so that we only need 
to estimate daRi and daR2 in to get ()6.13p . 

Next we consider the most singular terms in d^Ri, namely: 



Si{a) = -daz{a) ■ / -— —2 zu{a - (3)d(3, 



and we use the decomposition 

S,(a) = -d^zia) . J J |^(^)_^(^_^)|. |g,,(a)p2tan(/3/2) ]^""^^" " ^^'^ 

- \dgz{ar 

to obtain 



ro(a-/3)|d/?), 



|S2(a)| <C(||^(z)||i^||z|p^,,,(||a„^||^2 + |//(9„^)(a)|+ T 

^ — 7r 

that is ||5'2||l2 < C||:r(2:)||{^ ||z||;^2_4 ||(?Q,ti7||^2. 

In S*! we have the splitting Ui + U2 + U3 + U4 where 

Ui{a) = -daz{a) • / -— ro(a - P) - w{a))dp, 

vr \z{a) - z{a - P)]-^ 

U2{a) = l^{a)dgz{a) • lj€z{a)-d^z\a-P))^{^^^^^J^^_^^^^ - j^^^^^^p^^l^/^^ 
vr |o 

and 



= ^"^("^^-IRF ■ y..^^"'^"^ " " " 4sin^(/3/2) ^^^' 

[/4(a) = ^(«)^^^ • 



Then in C/i we use the identity 



dlz{a) -daz'^ia- P) = P [ dlz{a + {s - l)P)ds (6.14) 

^0 



to get 



\U,ia)\ <Cmz)\\l^\\z\\c2,s\Mcs C r \Pf-'\d'aZia + {s-l)P)\dpds, 

Jo J-n 
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and therefore ||C/i||l2 < C||J^(z)|||oo ll-zH^sHwHii-i- 
To estimate U2 and C/3 we can use again (j6.14p . For t/4 the control is easier. 
To finish the argument we rewrite R2 as follows: 

2 a t \ r {z{<y)-z{a-(3)-daz{a)(i)^ aw ta t \ p, t aw ( a\^a 
daz{a)- \ ( \_ ( _mi4 [z(a)-z{a-(3)) ■ {daz{a)-daz{a-[3))w{a-[3)d[3, 

expressing the fact that with the same method, daR2 is easier to estimate than daRi- 

6.5 Estimates for a 

Here we prove that a, the difference of the gradient of the pressure in the normal direction, 
is at the same level than d'^z. 

Lemma 6.6 The following estimate holds 

llall^. <Cexp(C|||z||n(||.F(z)||i^ + ||z|| y, (6.15) 
for k>2. 

Proof: We shall give the details of the case k = 2. Let us recall the formula for a{a): 

- = {dtBR{z,w)+-^daBR{z,w))-d^z+l-^{daZt+-^dlz)-d^z+gdaZi. (6.16) 

then from previous sections we have: 

11^11^2 < Cexp{C\\\z\\mHz)\\l^ + Mm + 11^11^3 + llv^ll^a)-''. 

To control ||5^o"||j;^2 we only have to deal with d'^{dtBR{z,w) ■ d^z), because the remainder 
terms have been already estimated. Again we shall consider the most singular parts: 



1 r izia)-z{a-f3)) ■ d^zja) ^ 
'' = T. y_ |.(a)-.(a-/3)P - 



1 r {dlzt{a)-dlzt{a-p:))-d^z[a) 
= ^ \-. k(a)-.(a-/3)P - 

1 ~^ r (g(«)-^(Q-/?))-'9»^(«) ^ . ^ I aw IF^-i I \ F^-i ( nw I a^ja 

h = — / i—r-. 7 ^777 {z{a)-z{a-l3))-{daZt{a)-daZt{a-l3))m{a - f3)dp. 



vr J_^ \z{a) — z{a — (3)\^ 
We have 



^'^hf Ei^^l^)dl^t{a-f3)df3 + \H{dlwt){a), 



where 

E{a p) = .(^(«)-^("-/^)) • dazia) 1 



|z(a) - z(a - /3)|2 2tan(/3/2)' 
Since ||i?||j;,t=o < C||.F(z)|||^oo H^H^a we can estimate Ii throughout inequality (|6.7p . 



The equality 



dlztia) - dlzt{a -0)=f3 r dlzt{a + (s - l)f3)ds 

Jo 
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let us to get 



I/2I + I/3I < C\\:F{z)\\U\z\\l4w\\cn{ C r \dlzt{a + {s- m\ds + |A(5^,)(a)|) 



and (16.61) take care of the rest. 



J-n 



6.6 Estimate for at 

In this section we obtain an upper bound for the L°° norm of at that will be used in the 
energy inequalities and in the treatment of the Rayleigh- Taylor condition. 

Lemma 6.7 The following estimate holds 

hth^ < Cexp(C|||z||n(||.^(z)||i.. + 11^11^4 + 11^7711^3 + MIhsY- (6.17) 

Proof: Let us consider (16.16P the splitting a/ p2 = Pi + P2 + P3 + Pi + P5 where 

Pi = dtBR{z, w) ■ d^z, P2 = -^daBR{z, w) ■ d^z, 

-^3 = 7; ,r!^ to daZt ■ d^z, Pi = -^dl.z ■ d^z, P^ = gd^zi. 

Estimate ^ yields WdtP^U-- < \\gdtdo,zx\\iiX < C{\\J^{z)\\l^ + ||z||^3 + llwllHaV- For P3 
we write 

P3 = ^j^id^BRiz, w) ■ d^z + dlz ■ d^z), 

and we get 

l^tPsI <C{\\T{z)\\l^ + \\z\\l, + \\w\\l3r{\wt\MdaZt\^^^ 
It yields 

WdtPsh^ < C{\\T{z)\\l^ + \\z\\l, + \\w\\l,y{\\zut\\H2 + WztWns) 

by the Sobolev embedding. The inequalities ()6.7p and ()6.6p take care of the rest. 
In dtPi we have the term 

Wt daZ ■ daZt n/i-^ i \/ ^^ 

but estimates ()6.7p and (|6.6p yield easily the appropriate bounds for ||(/?t||L°° and || 5^^411 2, 00. 
In a similar way we control ||(?ti-2||L°o. Regarding dtPi the most singular terms are given 

by 

1 1 

Qi = ■ij^H{wtt), Q2 = ~ 2|g ^|2 ^(^** ■ ^"^)- 

For Q2 we decompose further Q2 = Ri + R2 where 

-^1 = fo ^i^tt ■ d^z), R2 = -—^—^H{daZtt ■ daZ). 
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Then we take a time derivative in ()2.16p to estimate Ri in L°°, and for R2 we use the fact that 
daZt ■ daZ only depend on t (see (j2.19p ). Next the identity daZu • daZ = dt{daZt • daz) — \daZt\^ 
aUows us to write 

R2 = -^H{\d^zt?). 
2\aazY 

/,From estimates (j6.6p we get control of R2 in 
For Qi we have 

||Qi||l°° < C'll^ttllc'5- 

To continue we will need estimates on ||wtt||f7i for which we may use the identity (j6.8p . and 
the inequality < C(||/||i2 + ||/||^.) where 

11,11 !/(«)- /(/?)! 

Then formula (j6.8p gives 

wtt + T{wtt) = dth + dth - 2<^tdc.^ - 2ipday^t + dtR + Ji + J2, (6.18) 



where 



and 



r 1 r izt{a)-zt{a-(3))^ ■ dazja) 



2 f (z(a)-z(a-^))-^ • aa2;(a) w ^ r m^ ^ 

J2 = - / p-^^ ^ -T-^ {z{a)-z{a-P)) ■ {zt{a)-zt{a-P))wt{a- P)dp. 

J-7T \z{a) - z{a - P)}"^ 

As before we use the invertibility of (/ + T) to get appropriate estimates on HtzJ^f ||^2: 

\\zuu\\l2 < C exp{C\\\z\\m\Hz)\\lo^ + Ikll^^ + \Mm + Il<^lli3)^'. (6.19) 

We shall show with some details how to get the most singular case ||ci7jt||^5. 
Formula (j6.18p yields 

ll^ttll^i < \\T{wtt)\\-^s + Wdth +dth - 'iftda^ - 'i.Lpdaift + dtR + Jl + J2\\-^s, 
and therefore 

ll^ttll^a < \\T{'^tt)\\m + \\dth + dth - '^^Ptdaf - 2ipdaft + dtR + Ji + J2\\m- 

Then the inequality ||r(tz7tt)||j|^i < ||r||^2^/^i ||/^2, together with (|4.2p and (|6.19p yield the 
desired estimate. In dtli we find the term A{ztt) therefore we need to control ||A(2;t()||j|^i = 
ll^a^ttlli^, but formula ()2.16p let us obtain that bound. In dth we have again the extra 
cancelation given by 

(z(a) — z{a — P))^ ■ daz{a) = {z{a) — z{a — (3) — doiz{Q)(3)^ ■ daz{a), 

which yields the appropriate estimate. We have also to control ||9^99t||/^2, but formula ()3.3p 
gives 

dl(pt{a,t) = - J'a^!'"'^l^ daz{a,t) ■ daZt{a,t) - dt(da{daZ ■ daBR(z,w))), 

2\OaZ{a,t)\ 2\OaZ(a,t)\'^ 

showing that it can be estimated as before. Finally, the remainder terms are less singular in 
derivatives, allowing us to finish the proof. 
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7 A priori energy estimates 

Let us consider for k > 4 the following definition of energy E{t): 



(7.1) 



so long as a{a, t) > 0. In the next section we shall show a proof of the following lemma. 

Lemma 7.1 Let z{a,t) and w{a,t) be a solution of lil.4\\l-T\ ) in the case pi = 0. Then, the 
following a priori estimate holds: 

for m{t) = min ij{a,t) = a{at,t) > 0, A; > 4 and C, q and p some universal constants. 

ce€^[— 7r,-7r] 

We shall present the details when k = A. Regarding ||9^2:||^2 let us remark that we have 

\\dU\Ut)= [ ^p^Adtz{a,trda<^ f a{a,t)\dtz{a,t)\'da. 
J J o'la, t) m[t) J J 

7.1 Energy estimates on the curve 

In this section we give the proof of the following lemma when, again, k = 4. The case 
A; > 4 is left to the reader. 

Lemma 7.2 Let z(a,t) and t37(a,t) be a solution of ( [i.^^j. 7| j in the case pi = 0. Then, the 
following a priori estimate holds: 

dr 



+ £ ^2|g^^"(i)|2 l^^Hl'^«)(^) < S{t) + ^^eMCE^m (7.3) 

for 



^ 2a{a) d^zja) ■ d^zja) 
= / \dazia)\^ ^ " ^){a)da, (7.4) 



and k > 4. 



(We have denoted with 5 a non integrable term which shall appear in the equation of the 
evolution of <p but with the opposite sign.) 

Proof: Using (j6.6p one gets easily 

"-^11^3 <C r i\z{a)\\zt{a)\ + \dlz{a)\\dlzt{a)\)da 



dt 



— TV 



< -^exp{CEP{t)). 
- mi{t) ^ " 
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Then we have 

The bound (j6.17p gives us 
Next for J2 we write 

-^2 = / 2|a'"^|2 ^a-z(«) • ^a-B.R(2:,tx7)(«)ija + / -^^^^d^z{a) ■ d'^{cdaz){a)da 

= Jl + J2. 

The most singular terms in Ji are given by Ki, K2 and K^: 

I n a{a) {dtz{a)-diz{a- p))^ 



K3 = - / ^— — -5-5Q,2;(a) • — — — ^5„tz7(a - 



and 

vr7_,7_,p2|a^^|2-a~v-^ |z(a)-z(a-/3)|2 

where C(q;,/?) = {z{a) — z{a — P)) ■ {d^z{a) — d^z{a — P)). 
Then we write: 



= L1 + L2. 

That is we have performed a kind of integration by parts in Ki, allowing us to show that Li, 
its most singular term, vanishes: 



0, 
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whether for L2 we have 



In L2 the kernels have degree —1 so long as the arc-chord condition is satisfied, so they can 
be estimated by 

L2 < C||^(z)||ioc||z||^3||ti7|bM||a||cM||aMli. < -^eMCEP{t)). 

The term C{a,(3) in K2 can be written as follows: 

C(a,/3) = (z(a) - z{a-(3) - daz{a)p) ■ {dtz{a)-d^z{a-P)) 
— P{daz{a) — daz{a — P)) ■ d'^z{a—[3) 
+ (3{daz{a) ■ diz{a) - daz{a-P) ■ d^z{a-P)), 

then using that 

daz{a) ■ d^z{a) = -35^z(a) • 5^2;(a), 

we can split K2 as a sum of kernels of degree —1 operating on d^z{a), plus a kernel of degree 
—2 acting in three derivatives d^z{oi), allowing us to obtain again the estimate 

The term is a sum of a kernel of degree zero acting on four derivatives of w 



I r a{a) 4 r {z{a) - z{a - P))^ d^z{a) 4 

plus the following term: 

We can integrate by parts on L3 with respect to /3 writing d^'cu{a—l3) = —dp{d^w{a—l3)) and 
then pass the derivative to the kernel of degree zero. This calculation gives three derivatives 
in w and kernels of degree — 1 which can be estimated as before. 
Next in L4 we write 

_ r 2a{a)d^z{a)-d^zia) ^ w 
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for S{t) given by (17.40 . For Mq we have 



P-Mo = r H{a ^f '^f ){a)dl{-^ ■ d^BR{z,w)){a)da = + N2 + N^, 

^ J —n \C>aZ\ \C>aZ\ 

where 

^1= r H{a^^-^){a)^ -daBR{z,w){a)da, 
^2= r H{a ^'f • f^' )ia)^ • dtBR{z, w){a)da, 

J \(yaZ\ \OaZ\ 

and is given by the rest of the terms which can be controlled easily with the estimate that 
we already have for the Birkhoff-Rott integral. 

Regarding A^i a straightforward calculation gives 

\daZ\-^ \daZ\ 

<C|k|U-||.F(z)||io.||9«i?i?(z,.u)||i^||9M|i2. 
Again, in N2 we consider the most singular terms given by 
n r n( ^kl^\( ^ d-z{a) 1 r {dtz{a)-dtz{a-P))^ 

^3= r H{a^^-^)ia)^-do.BR{z,dlw){a)da. 

J-TT \daZ\-^ \daZ\ 

Using the above decomposition for C{a,(3) we can easily estimate 02- In O3 we may write 
daz{a) ■ daBR{z,dluj){a) = ^daTid^w) - dlz{a) ■ BR{z,dlw){a) 

to obtain 

\\d^z-do^BR{z,dlw)h2 < \\T{dlw)\\Hi + \\dlz\\L^\\BR{z,dluj)h2 

allowing us to control O3. 

Next we split Oi into several kernels of degree one acting on {d^z{a))'^, which can be 
estimated as before, plus the term 



Then the following estimate for the commutator 

\\^.Aiidtz)^)-Ai^.idtz)^)\\^.<\\nz)\\l^^^^ 

I C'a Z I I Oa Z \ 



31 



yields 

A < \\Hz)\\UH\H44H4dUL^ - I ly^^^ 

using that 

/TT /"TT 
H f{a)Ag{a)da = — f {a) dag {a) da, 
-TV J — TT 

and a straightforward integration by parts let us to control Pi. 
So finally we have controlled Ji in the following manner: 

Ji<^exp(Ci?^(t)) + 5. 

To finish the proof let us observe that the term J2 can be estimated integrating by parts, 
using the identity d^z{a, t) • daz{a, t) = —3d^z{a, t) ■ d'^z{a, t) to treat its most singular 
component. We have obtained 



daz{a) ■ daz{a)dac{a)da = 3 / — rKdaifrd^z ■ daz){a)dac{a)da 



T \OaZ\ Jf p \OaZ\ 

and this yields the desired control, q.e.d. 

7.2 Energy estimates for the arc-chord condition 

In this section we analyze the evolution of the quantity ||.7-"(2;)||2,oo (t), which gives the 
local control of the arc-chord condition. 

Lemma 7.3 The following estimate holds 

jjHz)\\i^it) < cimml^it) + \\z\\i,{t) + \MUt)y- (7-5) 

Proof: First we compute the time derivative of the function J^{z) as follows 

^ Tf \f m^+^ \l3\{z{a,t) - z{a- P,t)) ■ {zt{a,t) - zt{a- I3,t)) 
-Hz){a,m) = \z{a,t)-z{a-m' ' 

obtaining 

—T{z){a,(3){t) < |^(^ f)_z{a-l3 t)P (•^(^)(«' /^)(*)) WaZt\\L^{t). 
Sobolev estimates and (16. 6p yield 

|.F(.)(a,/3)(i) < C{Hz){a,m)?{\\m\\lAt) + \\z\\],,{t) + \\w\\%,{t)y , 
and therefore 

|.F(z)(a,/3)(t) < cHz){a,m)\\Hz)\\L-m\HmlAt) + \\A?H-^{t) + \\M?H2{t)y, 
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We shall denote G{t) = C\\J'{z)\\L^{t){\\J'{z)\\l^{t) + ||2;||^3(t) + \\w\\j^2it)y , so that after 
an integration in the time variable t we get 



rt+h 

T{z) {t + h)< T{z) (i) exp ( G{s)ds) , 



ft+h 

ll^(z) IIloo it + h)< ll^(z) IIloo (t) exp ( / G{s)ds) , 



and therefore 



which yields 

±mz)u^{t) = ]im {\\:F{z)u^{t + h) - \\:F{z)u^{t))h-' 

at h^Q+ 

< ||^(z)||Loc(t) hm (exp ( G{s)ds)-l)h-^ < ||^(z)||loo (t)G(t), 
allowing us to finish the proof of lemma 17. 31 q.e.d. 

7.3 Energy estimates for zu and 

In this section we complete the estimate ()7.2p with the following result. 

Lemma 7.4 Let z{a,t) and vc{a,t) be a solution of ( [j.^^j. 7| j in the case pi = 0. Then, the 
following a priori estimate holds: 

d /,, ,|2 I II ||2 N /.X - ^/.N . C 



jtiiMU-^ + yr^.-^m < -s{t) + ^ expiCE^it)). (7.6) 



for k > 4. 



Proof: We shall present the details in the case k = A, leaving the other cases to the reader. 
Formula (j6.7p shows easily that 

< {eMc\\\z\\ntmHz)\\lo.{t) + \\z\\l,{t) + \\w\\l,{t) + \Ml,{t)y) 

which together with (j6.12p yields 



Using the estimates obtained before one have 



Next yields 

j^\\K^'Hdl^)\\l,{t) = ^ dl^{a)K{dln){a)da = I, + I, + I, + I,, (7.7) 
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where 

Ii = 



and 



/ -^d'Ma)A{dUv')){a)da, h = - [ B{t)dl^{a)k{Si^)da, 
^3 = -/ -^^v^dl^{a)K{dl{adlz-d^z)){a)da, 

I^ = - f T^dlipia)A{dl{daBR{z,w) ■ d^z + ^^^^ • d^zf){a)da. 
The most singular term in Ii is given by 

JT \<Jo.Z\ 

and we have 

Ji= / ^A^(53^)(a)[</.(a)A^(a»(a)-AiM»(«)]da+/ ^-^^\hh{dl^){atda. 

JT \<JaZ\ Jf ^\OaZ\ 

The following estimate for the commutator \\gA2(^daf) — A2 (^gdaf)\\L^ < WgWc^WfW 1 yields 



allowing us to get the estimate Ii < — ^j^C exp{C E'p (t)) . 

The boundedness of the term B{t) gives us a similar control of I2 

Next we write the term I4 as follows: 

^4= / T^H{diip){a)dUdaBR{z,w)-d^z + -^dlz-d^z)\a)^^^ 
where the most singular part is given by 

■^2 = / T^ii{dl^){oi)D{a)dlD{a)da, 

JT \'->o.Z\ 



where 



D{a) = d^BR{z, w) ■ dtz + ^y^^a^ " ^- (7.8) 
To analyze d^{D), let us observe that the most singular terms are given by 

1 r idizia)-dtzia-P))-d^z{a) 
^'^^ \z{a)-z{a-P)\^ - 
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Es = BR{z, dtw) ■ d^z + dli^^d^z ■ d^z). 

Since the terms Ei and E2 are singular only in the tangential directions, we can again use 
the following identity 

dazia) • d^zia) = -3dlzia) • d^zia), (7.9) 

to obtain the desired control. 

In £^3 the term BR{z, d^w) ■ d^z can be written as the sum of ^H{d^w) plus kernels of 
degree zero in d^w, which are bounded in L^. Therefore we can write it as follows 

BR{z, d^w) ■ d^z = ]^H{d^^w) + "bounded terms in L^" 

The identity 

^diw = \daZ\di^ - dl{daBR{z,w) ■ daZ) 

yields 

dl{d^BR{z,m) ■ daz) = H{dl{^^^{dlz)^ ■ d^z)) + "bounded terms in L^". 
That is 

^H{diw) = H{\d^z\dt<p) - H'{dli^^{dlz)^ ■ d^z)) + "bounded terms in L^". 

and therefore 

^H{dtw) = + (dli^^idlz)^ ■ daz)) + "bounded terms in L^". 

The above equality gives E^ = \daz\H{d^ip) + "bounded terms in L^". 
Finally for J2 we have 

J2 = / j^-^H{dl(p){a)H{d^(p){a)D{a)da + "bounded terms", 

Jf \OaZ\ 

and an integration by parts gives us the desired estimate. 

For I3 it is important to arrange conveniently the derivatives 

Is = -S + J3+ "bounded terms", 

where 

= / ^r$^H{d'„^){a)d'M<^)da. (7.10) 

Then, because of its sign, the term involving the highest derivative can be eliminated and we 
are left with the task of estimating J3. In order to do that we shall study the singular term 
d^a{a) using the splitting 

dla = dl{{dtBR{z,w) + -^daBR{z,w)) • d^z) 

\(JaZ\ 



= Fi + F2 + F3. 
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The term trivializes, whether for F2 we have 

where D is given by (j7.8p and the integral can be estimated like I/^ or J2. Finally we are left 
with Fi, and we shall show that 

Fi = \daz\H{dlipt) - c\daz\H{dtip) + "bounded terms in L^". (7.11) 

Plugging the above decomposition in J3 (I7.10p we can control this term as before using the 
formula for d^ipt (|3.5p . 

Next we split Fi = Gi + G2 where 

Gi = dl{dtBR{z,w) ■ d^z), G2 = dl{-^daBR{z,zu) ■ d^z), 

\OaZ\ 

and again we will consider the more singular terms. In Gi we have 

= ^ \zia)-zia-pr "'^^ " 

1 r {z{a)-z{a-(3)) ■ daz{a) 3 . x ^3 . , 

02 = -- J \z{a)-z{a-P)\'^ {z{a)-z{a-(3))-{d^zt{a)-d^zt{a-P)))w{a-/3)dp, 



and 



1 {z{a) - z{a - (3)) ■ daz{a) 3 



Let us write Oi = Pi + P2 where 

1 r dlzt{a) ■ daz{a) - dlzt{a - (3) ■ daz{a - (3) 
' = ^ i-. \z{a)-z{a-m^ - 

and 

1 dlzt[a - ■ {daz{a) - daz{a - 13)) 

vj[a — p)ap. 



2tt |z(a) -z(a-/3)|2 

The term P2 has a kernel of degree —1 in S^^^f, giving us a Hilbert integral of d^zt which can 
be estimated using (j6.6p . From its expression its follows that Pi can be written as the sum 
of terms involving kernels of degree —1 and the operator A, that is: 

P^ = —^—^Mdlzt ■ daz) + "bounded terms in L^". 
2\daz\^ 

Since A'{t) = 2daZt{a,t) ■ daz{a,t) we have 

d^zt ■ daZ = -2dlzt ■ dlz - daZt ■ d^z, 

which yields 

Pi = ^^^(-2A(a2zi • dlz) - AidaZt ■ d^z)) + "bounded terms in L^" . 



36 



Then, as it was shown before, the estimates for z and zt give us the control of the term Pi 
in the 1? norm. 

Regarding O2 we introduce into its integral expression the following identity 

{z{a)-z{a-i5))\dlzt{(x)-dlzt{a-l3)) = (3do^z{a)-{dlzt{a)-dlzt{a- (3)) 

+ {z{a)-z{a-0) - d^z{a)(5)-{dlzt{a)-dlzt{a-l3)) 

and then we just take the same steps that we followed with Oi. 
Using the estimates ()6.7p for vjt we get 

O3 = \H{dlwt) + "bounded terms in L^"^ 



and therefore 



Gi = -H{dlwt) + "bounded terms in L^". 



The formula for G2 gives us more singular terms, namely the following ones 

= L \z{a)-zia-PW " 

(f r {z{a)-z{a-P)) ■ daz{a) m\ /;i4 ^ ^ o4 / ^ 

and 

(f {z{a) — z{a — j3)) ■ daz{a) 



2TT\daz\J_^ \z{a) - z{a - 
Using the identity (j7.9p we can estimate O4 and O5 as before. Furthermore we have that 

Og = -^—^Hid^zu) + "bounded terms in L^", 

2 CJ/y Z 



and 



Then we get 



G2 = -^^Hidiw) + "bounded terms in L^". 

2\daZ\ 



Fi = ^H{dlwt) + —^H{dim) + "bounded terms in L^" . (7.12) 
We shall continue deducing (j7.1ip from (j7.12p to (j7.1ip . in order to do that let us write 

]^wt = 9f(|t?Q,z|) ^^^^^ + \daz\{ipt + dt{\daz\c)) 

1 (7 11) (J Z 

-dlwt = dti\daz\),^^ + \d^z\dlipt - \d^z\dldt{^^ ■ do,BR[z,w)). 

Since 

\do.z\dldt{-^^ ■ daBR{z, w)) = dlid^z ■ d^dtBR{z, uj)) + d^^^^^^d^z ■ daBR{z, w)) 

\OaZ\ \OaZ\ 



d^{daZ ■ dadfB R{z , Tu)) + "bounded terms in L . 



37 



The last two identities allows us to consider 

^d^^wt = \daz\dl,ipt — d'^{daZ ■ dadtBR{z,'cu)) + "bounded terms in L^" 
and therefore 

^H{dlwt) = \daz\H{dl(pt) - H{dl{daZ ■ dadtBR{z,w))) + "bounded terms in L^" 
This formula indicates that to prove (jT.lip it is enough to obtain 

c\d^z\H{di<^) = —^H{diw) - G3 + "bounded terms in L^" , (7.13) 

where 

G^ = H{dl{do.z-d^dtBR{z,w))). (7.14) 
Again let us consider the most singular terms in d'^{daZ ■ dadtBR{z,zu)): 

O7 = daidaz ■ BR{z,dlwt)) 

-1 r {z{a)-z{a-P))-^-daz{a) 3 . x ^3 / m^ / 

08 = — / \ ( \_ ( _m|4 [z{a)-z{a-P))-{d^zt{a)-d^zt{a-(3))w{a-(3)d(3, 

and 

n 1 r {dlzt{a)-dlztia-P))^-do,zia) 

The term O7 = ^daT{d'^wt) is estimated in by using the operator T. In Og we substitute 
{z{a)—z{a—P))^ ■daz{a) by {z{a)—z{a—P) — daz{a)P)^ -dazia) inside the integral and then 
we split the integral in two terms ( one is multiplied by d^zt{a) and the other is an operator 
R{d^zt) with kernel of degree —1) allowing us to integrate Og- 
Regarding O9 we have that 

O9 = I „ ^ ,„ A(0^zt • d^zvu) + "bounded terms in L^", 

2\OaZ\^ 

and therefore the identity H{A{f)) = —daf yields for G3 in (|7.14|) the following configuration: 
1 

2|a^|2' 

n{da{d^BR{z,w) ■ d^zw) + da{cd^z ■ d^zm)) + "bounded terms in L^" 



^3 ~ oia" 12 ^"(^a-^* ■ (^a^^) + "bounded terms in L^" 
1 



2\daz\ 



{-H{d'^w)vD + cvDda{d^z ■ d^z)) + "bounded terms in L^". 



2\daz\'^^2 

With this identity in (j7.13p we obtain 

H{d'iw) - G3 = -^H{dlw) - „ da{diz ■ d^z) + "bounded terms in L^" 



2\dc,z\ ' " ' ^ 2 ' " ' 2|9„z|2 

= -cH{\daz\d^ip) - G4 + "bounded terms in L^", 



38 



for 

G4 = cH{\do,z\''dic) + . d^z). 

Finally we only have to show that G4 is a bounded term in L^. But this follows because we 
have 

\daz\^d^c = -dl{daz ■ daBR{z,w)) = —^—^A{d^z ■ d^zw) + "bounded terms in L^". 

8 The addition of the Ray leigh- Taylor condition to the energy 

Our final step is to use the a priori estimates to prove local-existence (Theorem 1.1.). For 
that purpose we introduce a regularized evolution equation which is well-posed independently 

of the sign condition on (T(a, t) at t = 0. But for cT(a, 0) > 0, we shall find a time of existence 
uniformly in the regularization, allowing us to take the limit. 
Let z^{a,t) be a solution of the following system: 

zl{a,t) = BR{z^ ,w^){a,t) + c%a,t)daz%a,t), 

wt = -2dtBR{z', w') ■ daz' - daii'p'f) + 2\daz'\B'c' - 2gdo,zl + e2\daz'\^^', 
2;^(a,0) = ZQ{a) and cc7^(q;, 0) = WQ{a) for e > 0, where 



2\daz^\ 2Tr J _^\daz^ {a, t)\ 

Proceeding as in section 3 we find 



(8.1) 



where 



— = {dtBR{z',w') + _^_aaBi^(z^tu^)) • d^z' 
P yja^ I 

For this system there is local-existence for initial data satisfying .F(2;o)(a, /?) < 00 even if 
C7'^(a, 0) does not have the proper sign. In the following we shall show briefly how to obtain a 
solution of the regularized system with z^, (^^ G C-^([0, T^], i?*^) for A; > 4. We shall prove the 
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same a priori estimates given in sections 6.1, 6.2 and 6.4, but the estimates corresponding to 
sections 6.3 and 6.5 are respectively 

< cexp{c\\\zw){m^n\\l^ + + 11^17^11^1 + Mwi.+iy 

+ eCeMC\\\zWmd'^^'\\L^, 



+ eCexp(C|||z^||ni|AaV||^., 

for k>2. 

Then following the same steps of section 6 we have 

+ \\zu%,,, + misfit) 

< c{e)eMm\i. + ii^(^^)iii^ + 11^17^11^.-2 + y^wi.nt)) 

and where the only difference appears in the following new term 

which is controlled by the Laplacian dissipation term introduced in the regularization. 

The next step is to integrate the system during a time T independent of e. We will show 
that for this system we have 

where E(t) is given by the analogous formula (jT.ip for the e-system, 

m^{t) = min a^{a,t) = a^{at,t) > 

and C, p and q universal constant independent of e. 

In the following we shall select only the most singular terms, showing for them the corre- 
sponding uniform estimates for k = A and leaving to the reader the remainder easier cases. 
Let us consider the one corresponding to I3 in section 7.3, we have 

^3 = - r T^dl^'{a)K{dl{a'dlz' ■ d^z'))da. 

We split this term as If = —S'^ + J| + + "bounded terms" where S"^ corresponds to S in 
dZai) and 

^ H{dlip'){a)dl{cj')d^{dy' ■ d^z')da, 



Jtt \(JaZ I 
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In Jf we use (18 .Sp to get 



The similarity with (j7.10p together with the use of the corresponding version of (jT.lip allows 
us to get 

J| = / " H{dlip')H{dl^pl)da + Me'^Wd^ip'Wl, + "bounded terms" 



that by formula (|8.ip becomes 



J| = -e / |t " ^^2^ H{dl^')H{dl^^)da + Me2||a^(^^||2 2 + "bounded terms". 



Then we can write it as follows 

J| = -e / A5 A5(a^V?=)da + Me'^Wdi^^Wl^ + "bounded terms", 

and therefore 

J| < Me2||Ala^^"||^2 + "bounded terms". 
Now the use of the Laplacian dissipative term introduced in the evolution equation yields 



where the constant AI is fixed. This finally shows (j8.4p for e small enough. 

Our regularization damages the estimates for the term Hcf ||ioo in (|6.17p . But this control 
is necessary only once in the argument and therefore enough derivatives in the definition of 
energy gives the desired control. Since we wish to keep the result for four derivatives, we can 
go around the problem just by regularizing the initial data. At the end of the argument, when 
the local-existence theorem holds for e = 0, then the a priori energy estimate for k = 4 allows 
us to take the limit in the regularization of the initial data. With this strategy and taking 
enough derivatives in the definition of the energy, we find in (18. 4|) the following inequality 

Now let us observe that if zo{a) G H^, zuo{a) G H'^^^ and ipo{a) G if'^~2 , then we have 
the solution in [0, T^] of the regularized system. And if initially a{a, 0) > 0, there is a time 
depending on e, denoted by T"^ again, in which a^{a,t) > 0. Now, for t < T^ we have (18. 5p . 
Let us mention that at this point of the proof we can not assume local-existence, because we 
have the above estimate for t < T^, and if we let e — > 0, it could be possible that T*" — > 
i.e. we cannot assume that if the initial data satisfy a{a, 0) > 0, there must be a time T, 
independent of e, in which the following important quantity 

7rf{t)= min [a^t) = [atit) 

7r,-7rl 
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is strictly grater that zero. In fact, everything in the evolution problem depends upon the 
sign of a^{a,t) (the higher order derivatives), since otherwise the problem is ill-posed |12j . 
In other words, at this stage of the proof we do not have local-existence when e ^ 0, but 
the following argument will allow us to continue: First let us introduce the Rayleigh- Taylor 
condition in a new definition of energy as follows: 

ERTit) = EP{t) + ^ 



Sobolev inequalities shows that a^{a, t) £ C^{[0,T^] X [-7r,7r]) and therefore m^(t) is a Lips- 
chitz function differentiable almost everywhere by Rademacher's theorem. With an analogous 
argument to the one used in [6] and [7], we can calculate the derivative of m^{t), to obtain 

{m'y{t) = aUat,t) 

for almost every t. Then it follows that: 

almost everywhere. The control of the quantity ||cTf H^^oo, independently of e, by its formula 
together with inequality ()8.5p yields 

J^ERTit) < CexpiCERTit)), 

and therefore 

ERT{t) < -Lln{eM-CERTiO) - Ch), 

Now we are in position to extend the time of existence T'= so long as the above estimate works 
and obtain a time T dependently only on the initial data (arc-chord and Rayleigh- Taylor) . 
Finally we can let e tends to to conclude the existence result. 
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